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Intersection of Circles:  Global Positioning System
Module Summary

Module Overview

Students will be able to connect the intersection of circles to the real-world application of Global Position Systems.

Primary Career Cluster

Transportation, Distribution and Logistics-- Logistics Planning and Management Pathway

Recommended Course: Algebra 2 and/or Pre-Calculus
Common Core Standards

Mathematics

· N-CN-7.  Solve quadratic equations with real coefficients that have complex solutions.
· A-REI- 4a.  Use the method of completing the square to transform any quadratic equation in x into an equation of the form (x-p)2 + q that has the same solutions.   Derive the quadratic formula from this form.

· A-REI-7.  Solve a simple system consisting of a linear equation and a quadratic equation in two variables algebraically and graphically.  

· A-REI-11.  Explain why the x-coordinates of the points where the graphs of the equations y- f(x) and y = g(x) intersect are the solutions of the equation f(x) = g(x); find the solutions approximately, e.g. using technology to graph the functions, make tables of values or find successive approximations.   Include cases where f(x) and/or g(x) are linear, polynomial, rational, absolute value, exponential, and logarithmic functions.
Materials: 
· Graph Paper

· Graphing Software (optional)

· Graphing Calculator

Job Connection:

· U.S. Xpress Enterprises, Inc. – www.usxpress.com
· Fleet Manager - Manage a fleet of designated drivers and tractors.  Maintain relationships with the Dispatch and Customer Service personnel to ensure company goals are met.  In addition, manages fleet uptime and make capacity availability, manage driver performance and promote safe operations.
Vocabulary:
Global Positioning System (GPS) – Global navigation system based on a constellation of 24 satellites orbiting the earth
LESSON PLAN:
1.  See document in Appendix—Circles GPSSlides.doc -- for slides on following content. 
Global Positioning System (GPS)

· Global navigation system accessible to everyone

· Created by United States Department of Defense ($12 billion)

· Based on a constellation of 24 satellites orbiting the earth at very high altitude

· Impervious to jamming and interference

How does GPS work?

· Satellite Ranging – Measure distance from group of satellites (3 or 4 satellites)

How is distance to a satellite measured?

· Velocity times travel time 

(rate ( time = distance)

· Time how long it takes for a radio signal to reach a receiver on earth and calculate distance from time.

· Radio signals travel at the speed of light (186,000 miles per second)

So once I know the distance to 3 satellites, how do I know my location?
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All points at a given distance from a point (satellite) are on a sphere. 
The intersection of the three spheres is your location.

How do you find the intersection of three spheres?

Let’s start with a simpler 2-dimensional problem:

A circle is a 2-dimensional sphere. 

Lt’s find the intersection of two circles first.

Satellite 1 at (-2,2) and Satellite 2 at (3,-2)
You are 3 units from Satellite 1 and

4 units from Satellite 2

Calculate the coordinates

of your possible locations.
Find the equations of the circles.

(x+2)2+(y-2)2=9

 (x-3)2+(y+2)2=16

Square the quantities in parentheses:

Equation 1: (x+2)2+(y-2)2=9

                    x2 + 4x + 4 + y2 – 4y + 4 = 9

                    x2 + 4x + y2 – 4y – 1 = 0

Equation 2: (x-3)2+(y+2)2=16

                    x2 – 6x + 9 + y2 + 4y + 4 = 16

                    x2 – 6x + y2 + 4y – 3  = 0

Subtract equation 1 from equation 2:

                    x2 – 6x + y2 + 4y – 3  = 0

              –  ( x2 + 4x + y2 – 4y – 1 = 0)

                        - 10x       + 8y – 2  = 0

                            4y = 5x + 1

                              y = 5x/4 +1/4

Substitute y = 5x/4 +1/4 into equation 1:

x2 + 4x + y2 – 4y – 1 = 0

x2 + 4x + (5x/4 +1/4)2 – 4(5x/4 +1/4) – 1 = 0

x2 + 4x + (25x2 /16 + 10x/16 +1/16) – (5x +1) – 1 = 0

41x2/16 – 3x/8– 2 = 0

Solve using quadratic formula:
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= 0.960 and -0.813

Substituting x = 0.960 and -0.813 into y = 5x/4 +1/4 :

y = 5(0.960)/4 +1/4 = 1.45

y = 5(-0.813)/4 +1/4 = -0.767

The two solutions are the points:

(0.960, 1.45) and (-0.813, -0.767)

(0.960, 1.45)

           




 (-0.813, -0.767)

So this narrows us down to two locations. How do we get down to one location?

This is where we need the third circle 2 dimensions or sphere in 3 dimensions.

Actually, if you know your altitude, the earth can be the third sphere.



2.   Assign students the following Homework Assignment:

GPS Homework

1. Satellite 1 at (-2,3) and Satellite 2 at (4,-2).  You are 2 units from Satellite 1 and 3 units from Satellite 2.  Calculate the coordinates of your possible locations.  Include your graphs.

2. Satellite 1 at (3,-3) and Satellite 2 at (-2,-2).  You are 2 units from Satellite 1 and 2 units from Satellite 2.  Calculate the coordinates of your possible locations.  Include your graphs.

3. Satellite 1 at (-1,4) and Satellite 2 at (2,-4).  You are 3 units from Satellite 1 and 3 units from Satellite 2.  Calculate the coordinates of your possible locations.  Include your graphs.

Assessment:  

 Have students will complete the following problem:
GPS TEST PROBLEM:

1. Satellite 1 at (-2,3) and Satellite 2 at (-4,-2).  You are 3 units from Satellite 1 and 3 units from Satellite 2.  Calculate the coordinates of your possible locations.  Include your graphs.

A P P E N D I X

Global Positioning System

Intersection of Circles

Global Positioning System (GPS)

· Global navigation system accessible to everyone

· Created by United States Department of Defense ($12 billion)

· Based on a constellation of 24 satellites orbiting the earth at very high altitude

· Impervious to jamming and interference

How does GPS work?

· Satellite Ranging – Measure distance from group of satellites (3 or 4 satellites)

How is distance to a satellite measured?

· Velocity times travel time 

(rate ( time = distance)

· Time how long it takes for a radio signal to reach a receiver on earth and calculate distance from time.

· Radio signals travel at the speed of light (186,000 miles per second)

So once I know the distance to 3 satellites, how do I know my location?


All points at a given distance from a point (satellite) are on a sphere. 

The intersection of the three spheres is your location.

How do you find the intersection of three spheres?

Let’s start with a simpler 2-dimensional problem:

A circle is a 2-dimensional sphere. 

Let’s find the intersection of two circles first.

Satellite 1 at (-2,2) and Satellite 2 at (3,-2)

You are 3 units from Satellite 1 and

4 units from Satellite 2

Calculate the coordinates

of your possible locations.

Find the equations of the circles.

(x+2)2+(y-2)2=9

                (x-3)2+(y+2)2=16

Square the quantities in parentheses:

Equation 1: (x+2)2+(y-2)2=9

                    x2 + 4x + 4 + y2 – 4y + 4 = 9

                    x2 + 4x + y2 – 4y – 1 = 0

Equation 2: (x-3)2+(y+2)2=16

                    x2 – 6x + 9 + y2 + 4y + 4 = 16

                    x2 – 6x + y2 + 4y – 3  = 0

Subtract equation 1 from equation 2:

                    x2 – 6x + y2 + 4y – 3  = 0

              –  ( x2 + 4x + y2 – 4y – 1 = 0)

                        - 10x       + 8y – 2  = 0

                            4y = 5x + 1

                              y = 5x/4 +1/4

Substitute y = 5x/4 +1/4 into equation 1:

x2 + 4x + y2 – 4y – 1 = 0

x2 + 4x + (5x/4 +1/4)2 – 4(5x/4 +1/4) – 1 = 0

x2 + 4x + (25x2 /16 + 10x/16 +1/16) – (5x +1) – 1 = 0

41x2/16 – 3x/8– 2 = 0

Solve using quadratic formula:
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= 0.960 and -0.813

Substituting x = 0.960 and -0.813 into y = 5x/4 +1/4 :

y = 5(0.960)/4 +1/4 = 1.45

y = 5(-0.813)/4 +1/4 = -0.767

The two solutions are the points:

(0.960, 1.45) and (-0.813, -0.767)

                                                       (0.960, 1.45)


                 

                 (-0.813, -0.767)

So this narrows us down to two locations. How do we get down to one location?

This is where we need the third circle 2 dimensions or sphere in 3 dimensions.

Actually, if you know your altitude, the earth can be the third sphere.
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