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Module Summary

Overview of Module

This module focuses on determining the rate of gas depletion in order to develop a mathematical model.  This module is most appropriate for students in grades 10-12.

Primary Career Cluster

Transportation, Distribution and Logistics

Science, Engineering, Technology and Math (STEM)

Primary Career Pathway:  Transportation Operations, Facility and Mobile Equipment Maintenance, Engineering and Technology, Science and Mathematics 

Related Occupations:   Aerospace Engineer, Aeronautical Engineer, Mechanical Engineer, Electronics Technician, Computer Programmer, Computer Engineer, Systems Engineering/Technician, Robotics/UAV, Math & Science Educator, Pilot

Recommended Subject Areas:  Physical Science, Physics, Algebra, Engineering

Technical Education, Principles of Engineering
Cluster Knowledge and Skills and Performance Elements
Academic Foundations

· ESS01.03.06 Construct charts/tables/graphs from functions and data. 

· ESS01.04.02 Apply scientific methods in qualitative and quantitative analysis, data gathering, direct and indirect observation, predictions and problem identification.  

Communications

· ESS02.01.02 Demonstrate use of content, technical concepts and vocabulary when analyzing information and following directions. 

· ESS02.09.01 Create tables, charts and figures to support written and oral communications.

Problem-Solving and Critical Thinking

· ESS03.01.05 Evaluate ideas, proposals and solutions to problems.

· ESS03.01.06 Use structured problem-solving methods when developing proposals and solutions.

· ESS03.04.02 Gather technical information and data using a variety of resources.

· ESS03.04.04 Evaluate information and data to determine value to research objectives. 

Information Technology Applications

· ESS04.07.02 Perform calculations and analyses on data using a spreadsheet.

Leadership and Teamwork
· ESS07.03.01 Work with others to achieve objectives in a timely manner.
Common Core Standards


Mathematics

· A-CED.1. Create equations and inequalities in one variable and use them to solve problems.
· N-Q 1. Use units as a way to understand problems and to guide the solution of multi-step problems; choose and interpret units consistently in formulas; choose and interpret the scale and the origin in graphs and data displays.

· A-REI 1. Explain each step in solving an equation as following from the equality of numbers asserted at the previous step, starting from the assumption that the original equation has a solution. Construct a viable argument to justify a solution method. 

· A-REI.3. Solve linear equations and inequalities in one variable, including equations with coefficients represented by letters.
· S-ID.6. Represent data on two quantitative variables on a scatter plot, and describe how the variables are related.
· S-ID.8. Compute (using technology) and interpret the correlation coefficient of a linear fit.
· S-ID.3. Interpret differences in shape, center, and spread in the context of the data sets, accounting for possible effects of extreme data points (outliers).  (Covered in optional activity.)
Language Arts

(All Language Arts standards apply to the memo part of the optional activity.)
· WHST.11-12.4. Produce clear and coherent writing in which the development, organization, and style are appropriate to task, purpose, and audience.
· WHST.11-12.10. Write routinely over extended time frames (time for reflection and revision) and shorter time frames (a single sitting or a day or two) for a range of discipline-specific tasks, purposes, and audiences.
Objectives

	What I Want Students to Know
	What I Want Students to be Able to Do

	· Mathematical modeling

· Regression
· The significance of r and r2
· Interpolation and extrapolation

· Graphing functions

	· Use  a graphing calculator (TI-83 Plus or TI-84) to plot data points
· Calculate the equation of a line when given two points

· Calculate average speed
· Calculate equations of lines, slopes and y-intercept form


Measurement Criteria

Students will be assessed on this problem-based dynamics study on the following criteria:

· Calculate speed over a fixed distance using r=d/t
· Plot data points (payload vs. top speed) by hand
· Plot data points (payload vs. top speed) using a graphing calculator
· Find the best fit line using an approximation (by hand) and a graphing calculator
· Find non-linear models (quadratic, exponential) to represent the data
· Discuss the accuracy of the models based on r and r2
· Find expected speed calculation of a point through interpolation and extrapolation
· Accuracy of (speed) calculations analytically vs. experimentally
· Conclusion of results
Teacher Notes

· It will make grading easier if the students use the same pool of data to develop calculator-generated linear regression models. 

· Hand out Quiz 1 as homework the day before starting this activity.
· The first 45-minute class period will be needed to collect Quiz 1, discuss the specifics of the assignment, collect the data and begin the activity.  In the second class period the students will be guided through the steps of using the graphing calculators to develop a linear regression.  The third class period can be used to examine the results, discuss the accuracy of the students’ work and take Quiz 2. 

Time required to Complete Problem (Estimated):  Three 45-minute classes total.  
Module Support Materials Summary

Materials needed:
· BlimpDuino (see directions for ordering below)
· Stopwatch

· Measuring tape or meter stick

· 10 small weights per team (100 grams each)

· Paper (lined and graph)

· Pencils

· TI-83 Plus or TI-84 graphing calculator with a USB connection or access to Microsoft Excel

· Computer/projector with the capability of showing the operation and results of the graphing calculator
Websites:

· Information regarding the BlimpDuino can be found at http://diydrones.com/profiles/blog/show?id=705844%3ABlogPost%3A44817.  If you cannot access this specific webpage, go to http://dihydrones.com and look at the links near the top of the page, such as Main, MyPage and Store.  Click onto the BlimpDuino link to see a description of the BlimpDuino as well as links to sources for buying the kit.  The cost for the kit is approximately $89.  The BlimpDuino Controller Board is also available without the rest of the kit for approximately $35.

· Included on the BlimpDuino webpage are links to what else you’ll need, as well as instructions for making the kit, operating modes and using the BlimpDuino as well as instructions for making it from scratch.

· Your BlimpDuino kit comes with most of what you need to complete the blimp, and all the hard-to-find and unique parts. Here's what else you'll need.  This list can also be seen at http://diydrones.com/profiles/blogs/other-things-youll-need-to
· A soldering iron and solder

· A FTDI cable (DIY Drones cable recommended) to program the board.

· Helium (Available in the balloon kits available for $18 at Target, or a larger tank from Amazon)

· A 7.4v LiPo battery (any other one of that approximate size and capacity will do, as long as it's under about 35-40 grams)

· A balancing charger (This one, with this power supply, will do the trick and is inexpensive)

· If you want to use RC mode, you'll need an RC system with at least three channels. Any will work, starting with simple systems such as this one. You'll also need two female-to-female RC cables.

· A 9v battery for the ground beacon

· Double-stick tape to attach the board to the gondola

· Velcro tape to attach the gondola to the envelope

· Superglue
· For step-by-step instructions about using linear regression with the TI-83 Plus and TI-84 graphing calculators go to the website     http://ericir.syr.edu/Virtual/Lessons/Mathematics/Statistics/STA0002.html
	Lesson Outline
	Mathematical Modeling Through Regression

(Payload vs. Top Speed)

	Time Estimate:  2.25 hours or three 45-minute class period

	Objectives

	1. Understand mathematical modeling/regression

2. Understand the significance of r and r2
3. Understand interpolation and extrapolation

4. Use a graphing calculator (TI-83 Plus or TI-84) to plot points and best fit lines 

5. Calculate the equation of a line when given two points 

6. Calculate average speed
7. Calculate equations of lines, slopes and y-intercept form

	Materials & Resources

	· Handout 1: Quiz 1

· Handout 2: Procedure Notes for Mathematical Regression of Payload vs. Speed

· Handout 2a: Instructions for Using Linear Regression with a Graphing Calculator
· (Optional) Handout 3:  Mathematical Regression Career Connection 

· Materials
· BlimpDuino

· Stop-watch

· Measuring tape or meter-stick

· 10 small weights per team (100 grams each) 

· Paper (lined and graph)

· Pencil

· TI-83 Plus or TI-84 Calculator with a USB connection or access to Microsoft Excel

· Computer/projector with the capability of showing the operation and results of the graphing calculator and with MS Excel
· Websites
    http://diydrones.com/profiles/blog/show?id=705844%3ABlogPost%3A44817
    http://ericir.syr.edu/Virtual/Lessons/Mathematics/Statistics/STA0002.html


	Agenda

	Step
	Minutes
	Activity

	1
	10
	Handout 1 should be distributed as homework the day before the activity.  Teacher should already have the BlimpDuino assembled from previous modules in this set of modules. 

Introduce objectives and go over Handout 1 with students.  Cover the concept Math Regression of Payload vs. Speed with students.

	2
	10
	Give Handout 2 to students.  Go over procedure covered for collecting data.  

	3
	5
	Make team selections.

	4
	20
	Have students begin data collection.

	5
	30
	Use Optional Handout 2a or the website given above as you guide students through the procedure. 

 Go to the website regarding the linear regression feature of the graphing calculators.  The students will next develop a linear model using their graphing calculators, (See the instructions at the website below)

http://ericir.syr.edu/Virtual/Lessons/Mathematics/Statistics/STA0002.html


	6
	15
	Students work in class to develop a linear model using graphing calculators.

	7
	20
	Analysis of results.  Cover the analysis of the results with students.  Explain the statistical significance of r2 and r of the best fit line developed.  Explain interpolation and extrapolation.  Give a few reasons why experiment results and analytical results may vary.


	8
	30
	(Optional) Handout 3: Mathematical Regression Career Connection



Quiz 1
Given points A(2, 6) and B(8, 22) determine the equation of the line AB.  If point C is on line AB and its x-coordinate is 6, then determine the y-coordinate of point C.


Quiz 1—Teachers Guide

Calculate the slope of line AB:                          
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Use the point-slope formula:
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If x = 6, then:
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Begin by going over Quiz 1 that was assigned as homework the day before.  The students need to know how to calculate the equation of a line given two points or the slope and y-intercept.


Procedure Notes for Mathematical Regression of 

Payload vs. Speed

Objective: The students will develop a linear mathematical regression to model the relationship between the payload and top speed of a UAV (blimp).

Time for activity: Three 45-minute class periods

Materials needed:

· BlimpDuino

· Stopwatch

· Tape measure

· 10 small weights per team (100-grams each) 

· Paper (lined and graph)

· Pencils 

· TI-83 Plus or TI-84 with a USB connection or access to Microsoft Excel

· Computer/projector with the capability to show the operation and results of the graphing calculator 

Procedure
1. Students will work in teams of two or three.

2. Research the data provided with the blimp to ascertain the maximum payload capacity of the blimp using the website below:

http://diydrones.com/profiles/blog/show?id=705844%3ABlogPost%3A44817
3. Divide the payload capacity into increments of 100 grams.

4. Record the time it takes the blimp to travel 25 feet without a payload.

5. Calculate the average speed using    Speed = Distance / Time

6. Calculate and record the average speed of the blimp at each of the calculated payloads using the same method outlined in steps 4 and 5.

7. Plot the data points on a graph paper where the x-axis is the payload in grams and the y-axis is the average speed in ft/sec.

8. Draw a straight line that you think best represents the data points graphed.

9. Determine the equation of the “best fit line” in the slope y-intercept form; y = mx + b; this is the linear model representing the relationship between the payload of the blimp and its speed.


Instructions for Using Linear Regression 

with a Graphing Calculator
Using the linear regression feature of a graphing calculator, develop a linear model using a graphing calculator. 

Optional:  See the instructions at the website below:

http://ericir.syr.edu/Virtual/Lessons/Mathematics/Statistics/STA0002.html
· Use the Stat Edit feature to enter the data into two lists (L1, L2).  Choose L1 as your payload weights from 0 to 1000 grams in increments of 100 (0, 100, 200… 1000). Choose L2 as the average speed calculated with that payload.

· Find the best fit line by using the Stat Calc feature.

· Use the Stat Plot feature to make a scatter plot of the data points. 

· Graph the regression equation in a correct window setting.  You should see the scatter plot with the best fit line.

(Optional)
Handout 3: Mathematical Regression Career Connection  


Mathematical Regression is used quite a bit in various different careers in the transportation field.  One such career would be working for a department of transportation (DOT) and developing a replacement schedule for LED traffic Lights.  DOT’s have been struggling adjusting their light replacement schedule as LED traffic lights are replacing incandescent traffic lights.  The two main reasons for this struggle are due to the differences in useful life and failure method.  Incandescent lights had a shorter useful life ending with the light burning out completely, which made the failure of the light easy to see.  Comparatively, LED lights have a much longer useful life and fail slowly over time.  As LED lights fail their light output, or Luminous Intensity (LI), decreases.  An LED light should be replaced before their LI falls below a certain point.  Below that point the LED light doesn’t have enough output and starts to be a safety risk, even if to the naked eye the light looks functional.  Currently, the majority of DOT’s are reactive in replacing LED traffic lights.


Suppose that you have recently been hired by your state DOT.  Your first responsibility is to set-up a replacement schedule for LED traffic lights.  By creating a replacement schedule, you will be helping your DOT to become proactive in their LED replacement strategy.  This should minimize the total amount of time that traffic lights operate with LED’s that are no longer safe.


In preparation for your task, the DOT has collected LI data from current green LED traffic lights in use now.  The LI is measured in candela (cd).  For these green LED traffic lights you are informed that 200 cd is the minimum safe LI.  Each data point also has the approximate time since it was installed.  Use this data to determine (via mathematical regression) an approximate length of time that the LED’s should be used in the field before they are replaced.  Be sure to consider all appropriate types of regression that might fit the situation.  If there are significant outliers, identify them and perform the regression without them.  


You are to report your recommendation in a memo to your boss.  Be sure to also include all relevant details as well, such as which type of regression model you used and why. 


LED Field Data:

Minimum safe LI: 200 cd
	Years since Installed
	Candella (cd)

	2
	300

	4.5
	300

	5
	260

	6
	180

	1
	525

	1.5
	500

	5.5
	300

	6.5
	350

	6
	400

	6
	80

	8
	550

	9
	500

	11
	350

	12
	50

	3
	120

	4
	200

	5
	200

	5
	300

	9
	100

	4
	175

	5.5
	150

	2.5
	220

	1
	425

	3.5
	235

	2
	190


Teachers Guide:

Background:
This is a real life problem that State DOTs are currently working to address.  A study done in 2010 show that 70% of DOTs are reactive in their replacement strategies.  This problem was based on a recent thesis that was performed to determine a rough replacement schedule of LED traffic lights.  Such analysis from mathematical regression is very common in helping create various replacement schedules.  From that thesis, circular green LED traffic lights had a useful life of between 4 and 8 years depending on the manufacturer.  The minimum LI threshold of circular green LED lights was set at 257 cd.  In developing this problem, I lowered the LI threshold to 200 cd in order for the made up data to seem more realistic.  

Solution:


In working through this problem, three outliers were identified.  These are (8,550), (9,500), and (11,350).  There are many possible reasons for such outliers to exist.  There might be an error in collecting the data or maybe the green LED traffic light isn’t used as often as others.  One example of the uneven green LED traffic light usage would be if the traffic signal were in a place where it would be placed on flashing red during the night.  


After identifying the outliers, it is relatively simple to perform mathematical regression on the remaining data points to determine a replacement schedule.  There are several possible regressions that might fit this set of data, but unless you want your students to calculate r2 for the variance that can be explained by the regression, your students might choose different regression models for their answers.  

If you don’t have your students calculate r2, the three of the best fitting regressions are linear, exponential, and power.   Choosing which model and the explanation of why the student chose the regression is a tad harder in this case.  Without r2 values and confidence intervals, the students will have to rely more on how it seems to fit with the given data points.  The equations as well as the replacement time frames for these models are given on the next page.  All three regression models suggest replacement between 4-7 years, which matches with real life analysis, but the students will not get the most out of this modeling.  However, if the students do perform the r2 analysis they will see that the exponential regression has the highest r2 value.  Therefore exponential should be the correct answer.

Teachers Guide (Con):

Regression Models:

Linear Regression:

· Y= 383.958-28.727(X)

· Replace= 6.4 years
· R2=0.339
Exponential Regression:

· Y= 436.179(0.8596)X
· Replace= 5.15 years
· R2=0.448  (best fit)
Power Regression:

· Y= 465.006(X)-0.5633
· Replace=4.47 years
· R2=0.389
Teacher

Assessment Material
Final Evaluation Criteria
Students will be assessed on this problem-based dynamics study on the following criteria:

· Calculate speed over a fixed distance using r=d/t
· Plot data points (payload vs. top speed) by hand
· Plot data points (payload vs. top speed) using a graphing calculator
· Find the best fit line using an approximation (by hand) and a graphing calculator
· Find non-linear models (quadratic, exponential) to represent the data
· Discuss the accuracy of the models based on r and r2
· Find expected speed calculation of a point through interpolation and extrapolation
· Accuracy of (speed) calculations analytically vs. experimentally
· Conclusion of results
Quiz 2
Use the best-fit line approximation you developed with your graphing calculators to estimate the expected speed at a payload of 250 grams.

Experimentally determine the average speed with a payload of 250 grams.

What is the percent error of your estimate? 

What are some of the reasons for the difference between the experimental and calculated results?

Quiz 2  Teacher’s Guide 
Use interpolation; plug 250 for the x-value of the equation the students calculated as the best-fit line to find the y-value that is the speed. 
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Final Evaluation Scoring Guide or Rubric

	Grading Score Sheet for UAV/BlimpDuino:  Mathematical Regression

	Student or Student Group Name: 

	Element or Criteria:
	Total Points Scored
	Total Possible

	1.  Quiz 1.
	
	10

	2.  Data points collected with calculations shown on separate sheet.
	
	15

	3.  Scatter plot of data (by hand) with the approximate best-fit line.
	
	15

	4.  Equation of the approximate best-fit line.
	
	15

	5.  Scatter plot of data and best fit line given by the graphing calculator along with the equation of the best-fit line generated by the calculator.
	
	15

	6. Quiz 2.
	
	30

	

	Total Score                                                    ____     of   ​​​​​ 100


Handout 1, A Study of Mathematics Regression Module








Handout 1, Teachers Guide for A Study of Mathematics Regression Module








Handout 2, A Study of Mathematics Regression Module








Handout 2a, Teachers Guide for A Study of Mathematics Regression Module








 Optional Handout  3,   A Study of Mathematics Regression Module








Optional Handout 3:  Mathematical Regression Career Connection 








Optional Handout 3:  Teachers Guide for Mathematical Regression Career Connection








Teachers Guide for Optional Handout 3:  Mathematical Regression Career Connection
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